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We consider the classes of holomorphie functions whose radial derivative of
order r lies in the unit ball of the Hardy space H 2( Bn ) or the Bergman space
A 2( Bn )· For these classes we calculate the linear and Gel'fand N-widths in C( S,,),
where S" is the sphere in en of radius 0 < P < l. Some results arc obtained for
analogous problems in polydiscs and for 27T-periodic functions of one variable
holomorphic in a strip. (OJ I~~s A,.demie Press, Inc.

INTRODUCTION

Let A be a subset of a normed linear space X. The Kolmogorov
N-width is defined by

d N ( A, X) := inf sup inf IIx - yll,
X N xEA yEXN

where X N runs over all N-dimensional subspaces of X. Denote by
.2'( H, X) the class of all continuous linear operators from H to X, where
H and X are normed linear spaces. Let BH be the closed unit ball of H.
For T E.2'(H, X) set

The linear N-width is given by

AN(A,X):= infsupllx-PNxll,
PN xEA

where PN runs over all bounded linear operators mapping X into X,
whose range has dimension N or less. Assume that 0 EA. The Gel'fand
N-width is defined by

dN(A, X) .- inf sup Ilxll,
XNXEAnx N
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where the infimum is taken over all subspaces X N of X of codimension
N. Various properties of these N-widths (and others) may be found in [1].

Let Bn be the unit ball of C n

and S" the sphere of radius p

S,,:= {z E C n
: Izi = p}

(if p = 1 we write S). The Hardy space H/B,) is the set of holomorphic
functions in Bn which satisfy

( )

\/1'

Ilflllf"(B,,j:= sup f.!f(rz)I"d(]"(z) <x,
() <r< I .S

Ilfll fI,( B,,):= sup 1[( z) i,
ZEBn

1 :s; p < x,

where (]" is the probability measure on the sphere S which is invariant
with respect to the orthogonal group O(2n). The Bergman space A/B,,) is
the set of holomorphic functions in Bn which satisfy the condition

where II is the normalized Lebesgue measure in Bn (AJB,) = HJB,,».
Let f( z) be a holomorphic function in B" and

[(z) = L F,(z)
s~ 0

be a homogeneous decomposition of f. The radial derivative of order r is
defined by

s!
9frf(z) := sz;.r (s _ r)l F,(z)

(for r = 1 see [2, Chap. 6]). Let BX be the closed unit ball of a normed
linear space X. We denote by H9f;'(B,) and A9f;'(B,) the classes of
holomorphic functions in B" for which .'f?'! lie in BH/B,) and BA/B,,),
respectively.



N-WIDTHS OF HOLOMORPHIC FUNCTIONS 137

The exact values of d N(H9i';(Bn), L/Sp» were obtained in [3]. When
n = 1, 1 ~ q ~ p ~ CX) and E is a compact subset of B 1, the values of
dN(BH/B 1), L/E» were determined in [4] (for E = Sp see also [5D.

The first result for the classes of holomorphic functions concerning the
case when p < q appeared in [6] where the values of d N(BH2(B,,),C(S)
and AN(BH2(Bn), C(Sp» were obtained (more precisely, for some subse
quence of N). The method of proof, as noted by V. M. Tikhomirov, was
very similar to the one used in Ismagilov's Theorem [7] (see also [I D. In
Section 1 we prove a theorem dual to the Ismagilov Theorem. Using this
result, in Section 2 we obtain the values of the linear and Gel'fand
N-widths of the classes H9i'~(Bn) and A9f~(Bn) in C(Sp).

Section 3 is devoted to analogous problems in polydiscs. Finally in
Section 4 we calculate the N-widths of holomorphic functions in the
annulus

.1R := {z E C: R- 1 < Izi < R},

and 27T-periodic functions holomorphic in the strip

D" := {z E C: 11m zl < H}.

R> 1,

1. A THEOREM DUAL TO ISMAGILOV'S THEOREM

Let E be a compact set, IL a positive probability measure defined on E
and T E.:/'(H,C(E». Denote by To the operator T regarded as an
operator from H into LiE, IL). Assume that

j = 1,2, ... ,

where AI ~ A2 ~ ••. > 0, and that cPl' cP2' ... is a complete orthonormal
basis for the range of T(, To (a sufficient condition is that To be a compact
operator).

THEOREM 1. For T as above

= AN(T(BH),C(E)) ~ sup I: j(TcPj)(z)1
2

.
ZEE j=N+ I

Proof Since Ker T(,To = Ker To = Ker T we shall assume, without loss
of generality, that cPI' cP2' . .. is a complete orthonormal basis for H. Set



138 K. YU. OSlPENKO

l/Jj := TcPj' Let us show that for all z E E

t Il/JJz)1
2

:os; IITI1 2
:= ( sup IIThll",f

j= I Ilhll",; 1

(1)

(we denote by 11,11", the norm in C(E) and by 11·llff the norm in H). Let
z E E and mEN. Then for h := r:;~ll/J}(Z)cPj E H we have

Thus for h i= 0

Consequently for all z E E and all mEN the inequality

m

I: ll/Jj(z)1
2

:os; IITI1 2

j~l

holds. So (1) is proved.
Set

h z := L: l/Jj(z)cPj'
j= I

It is easy to check that for all x E H and all z E E

( Tx )( z) = (x, hJ I/'

Denote by cp: E ~ H the mapping

Then

{.( cp(z), CP(Y»ffl/Jj(Y) dl-l(Y) = f/ThJ(Y)l/J}(y) dl-l(Y)

= (Toh" TocPJI.,u:.I')

= (h" Tr) To cPj) /I = AA(z ) .
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Furthermore

By the Ismagi10v Theorem we obtain

139

L I(Tcf>J( z) 1
2

•
j~N+ I

From duality

dN(T') = dN(T) := inf sup 11Th II", ,
X'" hEBHnxN

where the infimum is taken over all subspaces X N of H of codimension
N. Since H is a Hilbert space

The theorem is proved. I

COROLLARY 1. Assume that the conditions of Theorem I' hold and X, is
any r-dimensional subspace ofC(E) such that X, ..1 To(H) in LiE, 1-1-). Then

.~ ~dN+'(T(BH) +X"C(E)) = AN+,(T(BH) +X"C(E))V}=t'+ I "J

~ sup
zEE

[, I(Tcf>J(Z)/2.
}~N+ ,

Proof Let e" ... , e, be an orthonormal basis for X, in L 2(E,I-I-).
Denote by Hr. t; the Hilbert space of elements {f, g}, f E H, g E X, with
inner product

where

r

({fj,gJ},{f2,g2})II,.:= (/1'[2)11 + e L cJj,
j~1

e> 0,

gl = L cje),
j= j

r

g2 = L dje}.
j= I

Put L{f, g} := T[ + g. Denote by L o the operator L as an operator from
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Hr , r into L 2( E, /L). Then

I..:oLo{f,g} = {TfJTof,e-1g}.

Set

The elements lp I' lp2' . .. form a complete orthonormal basis for the range
of I..:oL o and

L'L -Io olpj = e lp], j = I, ... r,

From Theorem I for e:O;; A1-
1 we have

Since T(BH) + X r :::J L(BHr.8)

dN+r(T( BH) + Xr,C( E)) Z dN+r( L( BHr,r) , C( E)) z IJ=F+ I A] .

The equality

follows from the fact that H is a Hilbert space (compare with Proposition
8.8 [I, p. 33]). It is easy to show that

Now the upper bound follows directly from Theorem I. The corollary is
proved. I

Let H be a Hilbert space of functions defined on some set n. A
function K(z, w) defined on n X n is called a reproducing kernel of H if
for each wE fl, K(z, w) E H and for all f E H

few) = (I(-), K(-,w)h·

It is easily seen that

K(z,w) = K(w,z).
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Let E c n be a compact with positive probability measure I.t. Suppose
that Tf:= fiE is a bounded linear operator from H to C(E).

THEOREM 2. Let Hand E be as above. Assume that CPI' 'P2"" is a
complete orthonormal basis for Hand X r is any r-dimensional subspace of
C(E) such that X r 1- H i~ L 2(E, p..). If CPI' CP2"" is an orthogonal system in
L 2(E, p..) and \ := II cpjllio,(E. JL) form a non-increasing sequence, then

=AN+r(BH+X"C(E))~ sup L Icpj(Z)j2.
zEE j=N+ I

Proof Put Tof:= fiE' Let us consider To as an operator from H into
LlE, p..). For all g E LlE, p..) we have

(T()g)(w) = ((T(jg)('),K(',W))H = (g(-),ToK(-,w)h,(E.JL)

= !g(z)K(z,w)dp..(z) = !K(w,z)g(z)dp..(z).
E E

Thus the eigenvalue-eigenfunction problem

takes the form

~K(w,z)f(z) dp..(z) = Af(w). (2)

Since CPt, CP2"" is a complete orthonormal basis for H the representation

K ( z, w) = L cp/ z) 'Pj( w)
j~1

holds. In view of the orthogonality of the system CPI' 'P2"" in L 2(E, p..) we
have

Thus \ is an eigenvalue and CPj is an eigenfunction for Eq. (2). Now the
theorem follows from Corollary 1. I
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Set Nm := L's"~(/ ( n : ~ ~ I ). Note that Nm = dim g;, _I' where g;, is the

space of n-variable polynomials of degree m or less.

THEOREM 3.

(D For all 0 < p < 1 and all m ~ r ~ 0

d Nm
( H9f;( Bn ), C(Sp))

= ANj H9f;( Bn ), C(Sp))

_ m( 1 00 «m-r+s)!)\n+m-l+s)! 25)1
/
2

-p (n-l)!s~ ((m+s)!)J p

Oi) For all 0 < p < 1 and all m ~ r ~ 1

d Nm
( A9f;( Bn ), C(Sp))

= AN jA9f;(Bn ),C(Sp))

(

2 ) 1/21 x ((m-r+s)!)(n+m+s)! ,
= pm - L, p~'

n!s~() (m+s)!)J

(iii) For all

(
n ) 1/(211I)

O<p:::; -
n+m

Proof For multi index a := (a" ... , a,) and Z E e" set

a!:= al! ... al/l,

Da:= D~l ... D~'''.

(3)
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Denote by~) the space of holomorphic functions in Bn for which
(DafXO) = 0, lad = 0, ... , r - 1, and fH'f E HiBn)' It is known (see [2])
that functions from H 2(Bn ) have finite boundary values almost every
where. Moreover H 2(Bn ) can be considered as a Hilbert space with inner
product

Thus ~J is a Hilbert space with inner product

(t, g) := (fH rf, fHrg) If ,(8").

Let f, g E~) and

f(z) = L caz u
,

lul~r

g(z) = L duz u.
lul~ r

Since monomials are orthogonal in HiBn) and

2 (n - 1)!0'!
IIz

U

IIII,(B,,) = (n - 1 + IO'I)!

we have

( )

2
x IO'I! (n - 1)!0'! _

(t, g) = Ia~ r (I 0' I - r) ! (n - 1 + 10' I) ! cada .

It is easily verified that

_ x (10'1-r)!)2(n -1 + 1(01)!_a "
K(z,w) - L I I' (_ 1)' , w z

l(jl~r a . n .0'.

is the reproducing kernel of JP().
Let us consider the space L/5p , 0;,), where 0;, is the probability

measure on 51' which is invariant with respect to the orthogonal group
()(2n). Set for 10'1 ~ r

:= (I a I - r)! ( (n - 1 + IO'I)! ) 1/2 a

lp,,(Z) lal! (n _ I)!a! z .

The functions lp) z) form a complete orthonormal basis for A";'J' Moreover
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these functions are orthogonal in L 2(SI"0;) and

The number of different monomials z a with Ia I = s is equal to ( n : ~ ~ 1 ).

As Hgp;(Bn) = B2;) + 9"" A(') ..19', in L 2(Sp' al')' and dim 9', = N, we
have by Theorem 2

Using the equation

we obtain

To prove (ii) and (iii) we consider the space .w';) of holomorphic functions
in Bn for which (D"JXO) = 0, lal = O, ... ,r - 1 and gp'JEAiBn)'.w';, is
a Hilbert space with inner product

(f,g) := (.'Jf"f,,91'g)A,(B
n

) = f gp'J(z)gp'g(z)dv(z).
Bn
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Analogous to the previous case, we can show that the functions
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form a complete orthonormal basis for An and orthogonal system in
L 2(Sp' up)' Furthermore

n + lal (Ial - r)!)2 2Ial_.
I/o/aIILs".Oj,) = n lal! p -. Alai'

Let r z 1 and s z r. Then

(n + s + 1)(5 + 1 - ,)2 $ (n + s + 1)(_5_)2 $ _n_+_5_+_1 s < n + s.
s+1 s+1 s+l

Thus

n+s+l(s+1-r)!)2, n+s(s-r)!)2,
A,+I = p,(S+I) < -- p"' = A

n (s+l)! - n s! "

If r = 0 (in this case A9fi'(Bn ) = BA/B
Il
», then {A) is not in general a

non-increasing sequence. But if ((n + m)/n)p2m $ 1 then for all s z m
and all q < m, Aq z As' Now (ii) and the first two equations of (3) follow
from Theorem 2 in the same way as in the case of (i). Denote by

epn(m, p) := i: (n + ':: + S )p2'.
s=()

It easily verified that

So (iii) is proved. I

Remark. The referee informed me that in the case n = 1 the exact
values of N-widths of the Bergman classes were obtained in [8].

For n = 1 the class H/jf'~(BI) coincides with the class BH;, defined as
the set of all holomorphic functions in BI for which ['f)(Z) E BHiBI ).
The set of all holomorphic functions in B I for which Pf)( z) E BA 2( B 1) we
denote by BA;. If r z 1 the classes BA; and Ac'.Jf~(BI) are different.
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Nevertheless the method of Theorem 2 can be applied. Thus we obtain the
following result.

THEOREM 4. Let 0 < P < 1. Then:

(j) for all N ~ r ~ 0

(

2 ) 1/2
etC (N-r+s)!

= p N S~l ( (N + s)! ) p
2s

;

(ii) for all N ~ r ~ 1

dN(BA;,C(S,,)) = AN(BA;,C(S,,))

(

0 ) 1/2
etC (N-r+s)!-

=pN \~)( (N+s)! )(N+S+1)p2S

3. THE N-WIDTHS FOR HARDY AND BERGMAN CLASSES

IN POLYDISCS

Set

V n := {z EO en: Izil < 1'00" Iznl < I},

rn := {z EO en: Izil = 1, ... , Iznl = 1},

~)n:= {z EO en: Izil = PI'oo., IZ"I = Pnl.

where P = (PI"'" Pn) and 0 .:'S: Pj < I, j = 1, ... , n. Denote by HiV")
the set of all holomorphic functions in Vii for which

1/2

IlfIlJl,<u"):= sup (I If(17)12
dJ.L(Z») < 00,

O<r< I T"

where J.L(z) is the normalized Lebesgue measure in Tn. We shall denote by
AiV") the set of all holomorphic functions in Vii for which

1/2

lIfIlA,({f"I:= (Ju Jf(Z)\2 dw(z») <CJ:J,

where w(z) is the normalized Lebesgue measure in vn. The spaces
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Hz(U n
) and Az(U n

) are Hilbert spaces with the reproducing kernels
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H=Hz(U IJ
),

H=Az(U n
)

(the details can be found in [9]).

THEOREM 5. Let P = (PI"'" Pn ), 0 S p} < 1.

0) Assume that a(l), ... , a(N) are the N largest terms of the sequence
{p Z,,}. Then

(4)

(ii) Assume that a(l), ... , a(N) are the N largest terms of the sequence
{k"p z,,}, wherek,,:= (a l + l)···(alJ + 1). Then

Proof Let us prove (j). The monomials z" form a complete orthonor
mal basis in Hz(U n). They are also an orthogonal system in LlT"n, iL),

where iLl' is the normalized Lebesgue measure in T"n. Moreover

II "112 - 2"Z I. ,< 1;;' . Il,.) - P

and for z E T"n, /Z,,/2 = p 2". From Theorem 2 we have

where T:= {a(ll, ... , a(N)}. Now (i) follows from the representation

(I - pO -I ... (1 - pn - I = L p 2a •

lal20
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Using the representation
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(1- p~rZ ... (1 - pn- z
= L kaPZa,

lal;>:O

a similar argument proves (ij). I
We can obtain a more precise result in the case PI = ... = Pn'

THEOREM 6. Let PI = ... = Pn = P and 0 < P < 1. Then:

(j) for Nm_ I < N :$ Nm

(5)

(ij) for n ~ 2 and

0< P :$ mIIZ(m/n + I) -niZ

d Nm ( BA Z( un), C(Tpn))

= ANj BA Z( un), C(T,,n))

pm n((2n+m-I)2'EI (_1)5 (2n_l)p zs )IIZ
(I - pZ ) 2n - 1 s~O 1 + s/m s

(6)

Proof The sequence p Z1al is a non-increasing sequence for Iad ~ 00.

The number of different multiindexes 0' with 10'1 = s is equal to ( n : ~ ~ I).
By (4) we have for Nm- I < N :$ Nm

dN (BHz( un), C(T,,n))

= AN(BHz(un),C(Tpn))

= ((I - pZ)-n _ mtZ(n:~ ~ I)pzs _ (N _ Nm_l)pZ(m-I»I/Z
s= ()

= ((Nm - N)pZ(m-l) + stm (n: ~ ~ 1 )pZ\f/Z



N-WIDTHS OF HOLOMORPHIC FUNCTIONS 149

Now (j) follows from equations

s~m ( n : ~ ~ 1) p2s

= 2m;" (n + m + s - 1) 2s = 2m4J ( )
p '- n - 1 P P n-I m, P

s~()

= 2m(1- 2fn(n+m-l)nt
1

(-I)'(n-l)2s.
P P n - 1 s~() 1 + slm s P

To prove (ij) we will first prove that if the condition (6) holds, then for
all 1f31 ~ m and all lad < m

( 7)

In view of the monotone decreasing property of y(x) := x(xln + 0- 11 for
x ~ 2 and n ~ 2 we have

p 2 S max{y(I),y(2)} s 1/2.

Consequently for all s ~ 1

(s + 1)p2' S Sp2s-2.

Thus for each If31 ~ m choosing any f3j ~ 1 we will have

k{3 p 21 {3! S kf3' p21f3'1,

where f3' = (f3I"'" f3j - 1, ... , f3). Continuing this process we will find
f3 * with If3 *I = m for which

On the other hand, if Ial < m then in view of the monotone decreasing of
the sequence {s p2' - 2}~ and by (6) we obtain

So (7) is proved.
From Theorem 5 it follows that
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By (5)

Therefore
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(_1)5 (2n-l)p2s.
1 + slm s

4. N- WIDTHS OF HOLOMORPHIC FUNCTIONS OF ONE VARIABLE

Denote by H y the space of holomorphic functions in .1R

fez) =

which satisfy the condition

+""
L: ')',Ia/ < x,

s= ~ x

where {yJ is a sequence of non-negative numbers such that
lim inf, ~ =+=" ')',1/ I'! Z R 2

• Set T:= {s: y, = O} and r := card T.
The space

is a Hilbert space with inner product

(f,g) = L. ')',a,b"
,';= - x.

where

fez) = L a,z',
s = - x.

+"

g(z) = I: b,z'.
s = - ~L
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Moreover the space H~) has the reproducing kernel

K(z,w):= L 'Ys-IZSWS.

s'IC r
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Set BHoy:= BH~} + 9"" where 9", := {LsE r asz s}. This convenient form
for generalization of certain classes in the case of the unit disk was
proposed by Fisher and Micchelli [10].

For 1 ~ p < Rand k ~ r set U"k(P):= {SI"",Sk_,} u r, where
{s I' ... , Sk _,} are the k - r largest terms of the sequence

THEOREM 7. AssumethatforaUs E N ')I, = 'Y- r

(i) If N ~ (r + 1)/2 and 0 E U"2N-I( p), then

=( L 'Ys-
1

sf!' ""'_'( p)

(ji) If N ~ r/2 and 0 $. U"2N( p), then

Proof Let us prove (j). The functions

s $. r

form a complete orthonormal basis for H~). Denote by LiiJi1) a Hilbert
space of functions defined on the boundary of Lip with inner product
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It is easily seen that CPs form an orthogonal system in L i lJ,1p) and

From Theorem 2 follows

(

p2s + p~2S) 1/2
" ~1= 4.J y, --2--

s'l' U2N- ,( pl

Part (jj) is proved in a similar way. I

For p = 1 the analogous application of Theorem 2 gives

THEOREM 8. For all N :? r

Now we consider some examples of the spaces H y • Denote by H 2(,1R)
the class of holomorphic functions in ,1R for which

Let A 2(.1R ) be the class of holomorphic functions in L1R for which

where 7/(z) is normalized Lebesgue measure in ,1R- Let us consider the
classes BH2(L1R) and BA;( ,1R)' which are the sets of holomorphic func
tions in L1R such that [(r)(z) lies in BHi,1R) and BAi,1R)' respectively_
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It can be easily shown that the class BH;( L1R ) coincides with BHy for

R 2(s-r) + R- 2(.I-r)

'Ys=(s(s-I)···(s-r+l))2 2 '

and BA;( L1R ) coincides with BHy, where for r ~ 1

R2(s-r+ I) + R-2(s-r+ I)

'Ys=(s(s-I)···(s-r+2))\s-r+l) R 2 -W 2

R2(s+ 1) + R-2(s+ I)

'Ys = (s + 1)-1 R 2 _ R- 2 s * -1,
4 log R

'Y- 1 =R2 _R- 2·

We give some more examples of the classes BH.y • Let HiDH) and
A 2(DH ) be the sets of alI 21T-periodic holomorphic functions in Df{ which
satisfy the conditions

1/2

IlfIlH
2
(DI/):= sup (_1 j21T[lf(X+ih)1

2
+lf(X-ih)1

2
)dt) <x

O<h <H 41T 0

and

(
1 21T H 2)1/2

IIfIlA,(DI/):= 41TH fa f_)f(x + iy)/ dtdy < 00,

respectively. Denote by BH;(DIf ) and BA;(DH ) the sets of all 21T-periodic
holomorphic functions in D If for which j<r)( z) lie in BHi DIf) and
BA 2(DH ), respectively.

To find the linear and Gel'fand N-widths of BH;(D 11 ) and BA;(DI/) in
the space C(Dh ), 0 ~ h < H, we use the map z = O/i)!og w. Then the
original problem reduces to the one for BH.y with R = e If and the space
C(.1p ) with p = e h

, where

'Y, = s2r cosh( 2sH)

in the case of BH;(DH ) and

1
'Ys = 2Hs2r-1 sinh(2sH)
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x 1 ) 1/2

+2 I: 2 '
s=N+l S rcosh(2sH)

By Theorems 7 and 8 we obtain the following result.

THEOREM 9. Let r ~ O.

(j) For all 0 :0; h < H

(ij) For all H > 0

d 2 N (BH;( Df{ ), qo, 27T ])

= A2N (BHf(Df{),C[O,27T])

= (N 2
r COS~(2NH)

d 2N (BA;( Df{), qo, 21T ])

= A2N (BA;(DH ),qO,27T])

(

2 x 1 ) ]/2

= H 1
/

2 + 4 "
N 2r·-1 sl'nh(2NH) I..J 2r-I' h(2 H)I=N+ 1 S SIn S
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